Let G be a finite group and let ram t (G) denote the minimal positive integer n such that G can be realized as the Galois group of a tamely ramified extension of Q ramified only at n finite primes. Let d(G) denote the minimal non negative integer for which there exists a subset X of G with d(G) elements such that the normal subgroup of G generated by X is all of G. It is known that
Introduction
The inverse Galois problem states that for every group G, there should exist a Galois extension K/Q with a Galois group which is isomorphic to G. It is evident that odd order groups are solvable groups, and we know [Ne.79] that every finite odd (solvable) group is realizable over Q. A variant of the inverse Galois problem is the minimal ramification problem, which we will now discuss.
Let ram t (G) denote the minimal positive integer n such that G can be realized as the Galois group of a tamely ramified extension of Q ramified only at n finite primes, and let d(G) denote the minimal nonnegative integer for which there exists a subset X of G with d(G) elements such that the normal subgroup of G generated by X is all of G.
Let K/Q be a finite Galois extension with Galois group G = Gal(K/Q), where G is a finite group. Let p be a finite prime of Q. If p ramifies in K and if p is a prime of K dividing p, then the inertia group I(p | p) is a nontrivial subgroup of G. If I is the subgroup of G generated by all I(p | p), then the fixed field of I is an unramified extension of Q. Since by Minkowski's theorem, there are no nontrivial unramified extensions of Q, we must have that I = G. Suppose in addition that K/Q is tamely ramified, i.e. for every prime p which ramifies in K, all of the inertia groups are cyclic and of order prime to p. In this case, let us denote I(p | p) =< g p > and we deduce that the normal subgroup of G generated by all of the g p is G. We conclude that d(G) ≤ ram t (G).
Whether or not every finite group can be realized as a Galois group of a tamely ramified extension of Q with exactly d(G) ramified primes is an open question. The (tame) minimal ramification problem is the following: can every finite group G be realized as a Galois group of a tamely ramified extension of Q with exactly d(G) ramified primes. In [Bo-Ma.10], Boston and Markin conjectured that the minimal ramification problem has a positive answer, namely that for every finite group G we have d(G) = ram t (G). Most of the known results are valid only for lgroups, where l is an odd prime. Moreover, most of these results give an upper bound on ram t (G). An important property of the bound is that one should be able to calculate it directly from the structure of G as an abstract group, namely the bound should not depend on the realization of the group as a Galois group. Serre [Se.92] noted, using the Scholz-Reichardt method, that for a finite l-group G, |G| = l n , l being an odd prime:
However, n = d(G) only if G is elementary abelian. Geyer and Jarden [Ge-Ja.98] generalized Serre's result for global fields. Namely, they showed that for a global field K with l = char(K) and µ l K (note that l = 2), there exists r = r(K) such that for every l-group G of order l n : ram t (G) ≤ n + r. In particular, for K = Q we have r = 0. Plans [Pl.04] sharpened Serre's upper bound over Q by showing that the Scholz-Reichardt method yields the following bound: We will give an upper bound on the number of ramified primes for all finite odd order groups. In particular, we will prove the following theorem:
Theorem 13. Let G be an odd order group, then:
This upper bound is extracted from Neukirch's proof of the realization of odd order groups over number fields.
Similar to previous results, the upper bound is in a form of a sum of ranks of a certain derived series (in this case it is the chief series) of the group.
2 Cohomology and Ramification in number fields.
Let K be a number field and denote G K the absolute Galois group of K and let A be a G K -module. As usual,
. Let K nr be the maximal unramified extension of K.
We recall that the unramified cohomology group is defined to be the image of the following:
where p is a prime of K. We denote H q nr (K p , A) = im(inf ). Consider the homomorphism:
where the restricted product is taken with respect to H q nr (K p , A). We say that x ∈ H q (K, A) is unramified at p if
, otherwise we say that x p is ramified. Let p be an odd prime number and assume that char(K) = p. Let µ p be the group of p-th roots of unity, assume that µ p K, denote K = K(µ p ) and let ∆ = Gal(K/K). Let A be a finite ∆-module and a trivial G K module. An action of δ ∈ ∆ on the group H 1 (K, A) is then defined, namely:
, where δ ∈ ∆ and ζ ∈ µ p . However, by abuse of notation we will write the action additively, namely,
by:
A simple calculation shows that e i are idempotent elements. The action of e 1 on ϕ ∈ H 1 (K, µ p ) is the following:
A simple calculation shows that γ ∈ ∆ acts on e 1 · ϕ ∈ e 1 · H 1 (K, µ p ) as multiplication by θ(γ). A similar calculation yields that γ ∈ ∆ acts trivially on e 0 · H 1 (K, Z/p).
Claim 1. The following:
is a ∆-module isomorphism, where ψ : Z/p → µ p is a fixed isomorphism.
Proof. Let us first notice the following:
where ϕ ∈ H 1 (K, Z/p). Now, assume that e 0 ϕ 1 ⊗ ζ = e 0 ϕ 2 ⊗ ζ. Thus e 0 ϕ 1 = e 0 ϕ 2 , and we have:
Hence, ψ * is well defined. ψ * is clearly an homomorphism. Let e 0 ϕ ⊗ ζ ∈ ker(ψ * ), then:
and the fact that ψ is an isomorphism, implies that e 0 ϕ = 0, and thus ker(ψ * ) = 0. The map ψ * is also onto since
Last, we need to show that ψ * respect the action of ∆, indeed:
Proof. We already showed that every δ ∈ ∆ acts trivially on e 0 · H
A is the maximal submodule of A on which the elements δ ∈ ∆ act as multiplication by θ(δ) i . Hence we have equality. Combining this with the previous claim and we obtain the desired result.
By Kummer Theory:
From the five term exact sequence we get:
note that H 1 (∆, Z/p) = H 2 (∆, Z/p) = 0 since the order of ∆ divides p − 1, which is prime to p. Thus we obtain that the restriction map is an isomorphism.
Let us summarize our results in the following claim.
Proposition 3. The following ∆−modules:
Remark 4. This claim is used without proof in [Ne.79, Main Lemma] where the field theoretical meaning is explained.
Let us denote the ideal in O K associated to an element α ∈ K * /(K * ) p as:
where A is an ideal of O K , P i is a prime ideal of O K , and for all
Lemma
is the element corresponding to α from proposition 3 then x is not ramified at q.
Proof. The element α corresponds by Kummer theory to an extension K(
. Proposition 3 shows us that this character actually comes from a character x ∈ H 1 (K, Z/p). Let K x denote the cyclic extension of K defined by x. This means that the compositum of K x with K equals K( p √ α), namely:
Let q be a prime of K that is relatively prime to α and satisfies that q∤ p . It is then evident that q is not
contained in K q,nr and thus
Let K | k be a Galois extension, Ω | K an abelian extension, and assume that µ p K. Let A be a trivial G K -module with pA = 0, S be a finite set of primes of K, and let
Lemma] we obtain an element x ∈ H 1 (K, A) such that:
1. x p = y p for p ∈ S.
2. if p / ∈ S then x p is cyclic, and if x p is ramified then the prime p 0 = p ∩ k of k, splits completely in Ω and
This element x ∈ H 1 (K, A) is obtained as the corresponding element to a certain α ∈ e 1 · K * /(K * ) p . This element is calculated in [Ne.79, Appendix] and is the product of two elements γ · δ. We are interested in the properties of these elements outside of S. Indeed, it is shown that they satisfy the following conditions:
where q is a prime of K which is not in S.
where p i1 , p i2 are primes of K which are not in S.
We are interested in understanding the element x ∈ H 1 (K, A) which is obtained from the Main Lemma and corresponds to α ∈ K * /(K * ) p . Let us first assume that A = Z/p, and let S be a finite set of primes of K. Under the previous notation, for primes p ∤ p and p / ∈ S ∪ {q, p i1 , p i2 } we know that α p = δ p γ p is a unit in K * p /(K * p ) p and thus relatively prime to α. Hence, from lemma 5 we deduce that x is not ramified at p. We deduce that x can be ramified outside of S at no more than 3 primes. The general case is done by induction over dim Z/p A. For x ∈ H 1 (K, A)
we have the following decomposition:
Similarly, we have p with properties which we will soon describe. Let V denote a finite set of primes of K which is closed under conjugation over k and contains the set S ∪ {p | x ′ p is ramif ied}. Then we have:
It is then clear that x is ramified outside of S at the same places x ′ and x ′′ are ramified. x ′′ is obtained in the same way as the special case where A = Z/p, namely at most 3 primes outside of S. x ′ is obtained by induction and it is evident that it is ramified outside of S at no more then 3 · rank(A ′ ) primes. To conclude, x ∈ H 1 (K, A) is ramified outside of S at no more then 3 · rank(A) primes. Let us conclude what we have just shown in the following proposition:
Proposition 6. Under the previous notations, x ∈ H 1 (K, A) is ramified outside of S at no more then 3 · rank(A)
primes.
We will need to work with elements of H 1 (k, A) rather than elements of H 1 (K, A) and for this we have the following theorem.
Theorem 7. [Ne.79] Let A be a simple G k -module with pA = 0. Let K | k be a Galois extension such that 2 k(A) ⊆ K but µ p K and let Ω | K be an abelian extension. Let S be a finite set of primes of k and y p ∈ H 1 (k p , A)
for p ∈ S. Then there exists an element x ∈ H 1 (k, A) such that
2) If p / ∈ S, then x p is cyclic and if x p is ramified then p splits completely in Ω.
Claim 8. The element x ∈ H 1 (k, A), which is obtained in Theorem 7, is ramified at no more then 3 · rank(A) primes which are not in S.
Proof. The element is given as the sum of two other elements:
In the proof of Theorem 7 it is shown that if p ∈ V − S then x p = 0, namely x is unramified at p. If x p is ramified for p / ∈ V then since z p is unramified we must have that ζ p is ramified. The element ζ is given as the image of an element ζ ∈ H 1 (K, A) which is the element obtained in proposition 6. Namely, ζ can ramify at no more then 3 · rank(A) primes outside of S, and thus x can be ramified at no more then 3 · rank(A) primes which are not in
S.
3 Upper bound for all odd order groups.
Let G and G ′ be profinite groups with a given homomorphisms f, f ′ into a finite group Γ. We consider all ψ ∈ Hom(G, G ′ ) for which the following diagram:
commutes. Let ψ 1 , ψ 2 be two such elements, they are called equivalent if there exists an element a ∈ ker(f ′ )
such that:
denotes the set of all equivalence classes. Moreover, the set of surjective representatives is denoted
and let us consider the canonical restriction map: G) is the corresponding element.
Let k be an algebraic number field. Assume that ϕ is an homomorphism of G k into the finite group Γ, and denote by K the kernel of ϕ. Let us look at the following embedding problem:
where A is an elementary abelian group. Let E → G be a surjective homomorphism with a solvable kernel of exponent e and let n be a multiple of ep.
Lemma 9. [Ne.79] Let S be an arbitrary set of primes of k and assume
sur with the following properties:
2) If p is a prime of k which is not in S and is unramified in K | k, then HOM G (G kp , E) = φ.
3) For the field N defined by ψ : G k → G we have (n, m(N )) = 1.
Remark 10. The group E in the above lemma is needed in order to keep solving the embedding problems.
Lemma 11. Under the above notation, the element obtained in Lemma 9 is ramified outside of S at no more then 3 · rank(A) primes.
Proof. By assumption p HOM Γ (G kp , G) = φ then by [Ne.79, Lemma 4], the set HOM Γ (G k , G) = φ so we can start with
. Denote by N 0 | k the field defined by ψ 0 and let Ω = N 0 (ζ n ), where ζ n denotes a primitive n-th root of unity. Let p 1 , ..., p r be primes outside of S for which ψ 0 is ramified, and denote S * = S ∪ {p 1 , ..., p r }. Thus, the primes p ∈ S * − S are unramified in K | k, namely the homomorphism ϕ p is unramified, and therefore can be lifted 4 to an unramified Γ−homomorphismψ p . For each p ∈ S * let y p ∈ H 1 (G kp , Z/p) be the cohomology class which sends
whereψ p are the elements which are given in advance. We now apply Theorem 7 and obtain an element x ∈ H 1 (G, A)
such that: 1) x p = y p for p ∈ S * .
2) if p / ∈ S * then x p is cyclic and if x p is ramified then p splits completely in Ω.
The element x changes the solution of the embedding problem into a solution which is ramified outside S at no more then 3 · rank(A) primes. Namely, [ψ] which is given by: Let us recall that a chief series is a maximal normal series of a group. Namely, a chief series of a group G is a finite collection of normal subgroups N i ⊆ G:
such that each quotient group N i−1 /N i is a minimal normal subgroup of G/N i .
Remark 12. Note that the chief factors of every chief series are elementary abelian l-group, where l is a prime number. Indeed, for a solvable group G, let
denote the chief series. Then G m−1 is a minimal normal subgroup of G and thus is elementary abelian l-group. The remark now follows by induction and the fact that
form a chief series of the solvable group G/G m−1 . Lets denote by p i the prime associated to the group N i−1 /N i . Note that:
Proof. Let us take a chief series of G:
and let G i = G/N i . The kernel of the natural map π i : G i → G i−1 will be denoted by A i = N i−1 /N i . From remark 12 we know that each chief factor A i is elementary abelian.
The following diagram describes our embedding problems:
We will review the construction of an element [ψ i ] ∈ HOM {e} (G k , G) and count the number of ramified primes in the corresponding field. The construction is by induction on the chief series length, namely, it is shown that for each i = 1, ..., t there exists an epimorphism ψ i : G k → G i with the following properties:
(a) ψ i−1 = π i • ψ i , i = 1, 2, ..., t.
(c) For the field K i , defined by ψ i , we have (|G|, m(K i )) = 1.
These properties are essential in order to keep solving the embedding problems. For i = 0 we simply take ψ 0 to be the trivial map. Let us assume that the homomorphism ψ i−1 is already constructed. Let S i−1 be the set of all primes of Q which ramify in the field K i−1 which corresponds to ψ i−1 . In [Ne.79] it is shown that we can then apply Lemma 9 to this situation by replacing: S by S i−1 , E → G by G → G i and ϕ by ψ i−1 . We then obtain an element ψ i , which is a representative of [ψ i ] ∈ HOM Gi−1 (G k , G i ) sur , with the following properties:
(ii) for p / ∈ S i−1 we have HOM Gi (G kp , G) = 0.
(iii) For the field K i , defined by ψ i , we have (|G|, m(K i )) = 1.
It is shown that ψ i satisfy (a)-(d). From Lemma 11 we deduce that the element ψ i is ramified outside of S i−1 at no more then 3 · rank(A i ) primes. Since S i−1 is defined to be the set of ramified primes in K i−1 we deduce that K i has at most 3 · rank(A i ) more ramified primes over Q than K i−1 .
We deduce that the number of ramified primes in the desired field is at most the sum of the "new" ramified primes in each step of the induction, t i=1 3 · rank(A i ). According to Remark 12 we have:
and thus:
